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Abstract- This paper presents a novel formulation for a pos-
teriori probability (APP) decoding of systematic convolutional
codes. The convolutional encoder and decoder are constructed
to enable transition-based channel estimates to be embedded
into the APP calculations. The result is joint channel estimation
and decoding. The new decoder is targeted to systematic codes
in flat-fading environments although the formulation may be
extended for frequency-selective channels or even non-systematic
codes with the penalty of additional complexity. In contrast to
per-survivor processing for Viterbi decoding, the approach here
does not rely on tentative decisions from survivor paths, channel
estimation filter coefficients can be pre-calculated, and the APP
decoder delivers soft decisions.

I. INTRODUCTION

Traditionally, decoding for convolutional codes has been
based on maximum likelihood sequence estimation (MLSE)
via the Viterbi algorithm [1]. In more recent times however,
a-posteriori probability (APP) decoding (e.g. [2]) has become
popular as a soft-input soft-output (SISO) algorithm through
its application to turbo decoding [3], [4]. The soft output also
allows instantaneous BER estimation. Both MLSE and APP
algorithms are trellis processing algorithms (see for example
[5]).
When applied in channel environments which are not ad-

ditive white Gaussian noise (AWGN), for example Rayleigh
fading and/or frequency-selective channels, these algorithms
are all typically formulated to use the true channel impulse
response, or an estimate which is provided from a separate
channel estimator.

In fast-fading conditions, superior performance for MLSE
with channel estimation has been demonstrated with per-
survivor processing (PSP) [6]. PSP embeds channel estimators
into the MLSE structure to perform joint channel and data
estimation. For APP processing, there is no concept of survivor
paths, but channel estimators have been embedded by expand-
ing the state-space to artificially create (short) survivor paths
[7]-[9]. For both PSP and expanded-state APP processing,
the training symbols for the channel estimation are derived
from the survivor path. These algorithms employ one channel
estimator for each state in the receiver trellis.

Recently, [10] recognised that for systematic convolutional
codes, the modulated symbols corresponding to the systematic
bit can be used for training channel estimator for each state.
Since their objective was to supplement PSP, the formulation
of their state generated training symbol (SGTS) decoding
algorithm used backward prediction embedded into Viterbi
processing. This was made possible by delaying transmission

of the systematic bit by an amount equal to the memory of
the convolutional code. The simulations in [10] showed that
the SGTS algorithm is very competitive, outperforming PSP
of similar complexity, and in combination with PSP delivering
significant bit error rate (BER) performance gains.

In this paper, we extend the concept of channel estimation
using systematic bits to APP decoding with a view to future
application to turbo receiver processing. Significantly, and
in addition to formulating joint APP channel estimation and
decoding, we enhance the channel estimation with two key
innovations. Firstly, we recognise that superior channel esti-
mates are possible through inclusion of the transition hypoth-
esis, i.e. transition generated training symbols (TGTS) allow
for transition-based channel estimation with smoothing. And
secondly, we redesign the encoder and decoder system to allow
for both forward and backward prediction. Improved channel
estimation performance delivers improved BER performance.
The new TGTS APP decoder (like the STGS Viterbi de-

coder) is targeted to systematic codes in flat-fading environ-
ments. Based on analogies with [9], we identify how the
formulation may be extended for frequency-selective channels
or even non-systematic codes with the penalty of additional
complexity. We investigate some of the key features of the
TGTS APP decoder through application to a flat-fading ex-
ample scenario. We further demonstrate the BER performance
of the TGTS APP decoder through simulation.

II. APP DECODING FOR CONVOLUTIONAL CODES

In this paper we consider a flat-fading mobile wireless
communication channel. The equivalent baseband model for
the received signal sampled at symbol intervals, nT, at the
output of the matched filter is given by:

Yn f=nxn + wn (1)

where the complex amplitude fading coefficient of the channel
is denoted fn, the transmitted symbol xt, and the additive
noise w, [5].

For simplicity of exposition, we assume throughout this
paper that the modulated symbol xn is taken from a constant
amplitude constellation such as phase shift keying (PSK). We
also assume that fn is Rayleigh fading according to Jakes
spectrum with maximum Doppler frequency fd [11], and the
complex noise coefficient is white Gaussian with zero mean
and variance c72 according to a two-sided spectral density
N0/2 [5].
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1: Systematic convolutional encoding

Figure 1 shows the encoder structure for a systematic
convolutional code. The contents of the shift register give rise
to the state of the encoder, and at time k the state is

Sk={bkM, ..,bk-1} (2)

where bk is the k-th bit of the input binary data stream, and
M is the encoder memory. The evolution of the encoder finite
state machine can be represented by a trellis with 2M states
[5]. Let bk = {Sk, bk}. The output of the encoder at time k
is a set of coded bits Ck = {Ck,0, .... Ck,L}, consisting of the
systematic bit ck,O =bk-6 (i.e. the input bk delayed by d < M
epochs, equivalently go(bk) is a delta function with delay d)
and a coded bit from each of the L -1 convolutional generator
polynomials gi(bk),...,L(bk). The rate of the systematic
code is 1/L.
At the transmitter, the set of coded bits Ck is mapped to

modulation symbols {fx}. The index n is used to indicate
that the modulated symbols may be transmitted at a different
rate to the incoming binary data stream (index k). For example,
for BPSK transmission of the systematic code, n = kL + f
corresponds to the modulated symbols for the coded bit ck,C.
The set of modulated symbols corresponding to the coded bits
C is denoted x. We assume no particular mapping for the
ordering of the modulated symbols.
At the receiver, the APP decoder uses the received samples

yk (corresponding to Xk) and the trellis structure to calculate
the a posteriori state probabilities via the forward and back-
ward recursions [2], [4].

Based on the assumptions of a flat-fading channel and ad-
ditive white Gaussian noise, the log-domain transition metric
(state i to state j at time k) is given by

"(k,i,j 2 2 2Yn -fn-n,i,j2 (3)
n:k

where n : k denotes the set of samples with index n
corresponding to time k, and SCn,ij is the hypothesis for the
modulated symbol at time n derived from the hypothesis for
the input bits bkcij= {bk_M: ... . bk} associated with states
X and j.
When perfect knowledge of the channel fading coefficients

fn,i,j is not available, an estimate jn,jj may be used, together
with the increased variance un2 i We denote the set of channel
estimates f }n,ijI and the variances { i j} associated with
the transition i - j at time k by fk and 27k,i,j respectively

(corresponding to yk and the hypothesis Xk J). In Section
III, we present our state-based systematic channel estimation
scheme.
With no a priori probabilities for the transitions, the forward

and backward metrics are calculated by

ak,i = 1ogSumi ak-l,i + -Yk,i,j

/k-l,i= logsumj /3k,j + -Yk,i,j

(4)
(5)

where the logsum operation is achieved by repeatedly applying
logsum(A, B) = max(A, B) +ln(I + exp A -B) [12]. The
recursions are initialised with a_1,0 = 0.0, °v0,i:Ao = -°c,
and 3K+1,0 = 0.0, 3K+l,i A0 = -oc assuming zero-tailing
for a block of K bits. The forward and backward metrics
are typically scaled at each recursion to maintain numerical
stability and to ensure that the total probability at each time
k is 1.
The a posteriori state probability metrics are then given by

k,i = °Ck,i + 3k,i and the output probability metrics at time
k are obtained by taking the logsum of the a posteriori state
metrics over the sets of states representing bk = 0 and bk = 1
respectively.

For near-optimum BER performance, the APP decoder
requires accurate channel estimates for calculation of the
transition metrics (3).

III. TRANSITION-BASED SYSTEMATIC CHANNEL
ESTIMATION

In this section we present our state-based channel estimator
which is embedded into the APP decoder to perform joint
channel estimation and decoding. In fast-fading conditions,
joint channel estimation and detection has been demonstrated
to have superior performance to detection which employs a
single (albeit adaptive) channel estimate [6], [9].

Figure 2 shows a representative trellis for a systematic
convolutional code. In the figure, only 4 states are shown for
simplicity, but the number of states in the trellis is in fact 2M
where each state respresents a possible combination of entries
in the memory (shift register) of the encoder as given by (2). In
executing the APP algorithm, the decoder calculates transition
metrics Ysk,i,j for each of the 2M+1 combinations of source
state i and destination state j as described in Section II. The
inputs to the transition metric Ysk,i,j are indicated in Figure
2: the received samples yk' the modulated symbol hypothesis

the channel estimates fk i j and the variances 27k,i,j
Now, we note that the hypothesis for the systematic bit,

bk-6, is directly represented by the hypothesis for the mod-
ulated symbol, Xk,5 contained in Xk, where the position,
s, of the systematic bit and the order for mapping to the
modulated symbols is a system design choice. Therefore, for
each transition at time k, the symbols Xk -M+;,s~,... Xk+6,s
are available for channel estimation. These are effectively
transition-based training symbols.
The key idea behind our novel APP decoder formulation is

to use these transition generated training symbols (TGTS) for
transition-based channel estimation. The formulation allows
for optimal choice of delay d which will be discussed later in
this section.
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2: Trellis representation for systematic convolutional code showing transition-based training and channel estimation for time k. For transition i j, the~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A2
input hypothesis bk,i,j maps to the hypothesis for the modulated symbols Xk,i,j Channel estimates k,iand the variances are calculated using the
available transition based training symbols indicated. The subscript s denotes the position of the training symbol in the set Xk.

Figure 2 indicates the transition based training symbols
available for channel estimation together with the received
samples Y/k-M+±S ..... . Yk+, used in calculating fk i j and
A2X

We now detail our formulation of transition based channel
estimation. For convenience of notation for the exposition, we

assume BPSK transmission, i.e. one bit per symbol, and so

we require channel estimates ik,jj,f, for f = , ... , L -1.
The extension to other modulation schemes are discussed in
Section IV.

For each of the 2M+1 transitions i j at time k, we form
the minimum mean square error (MMSE) channel estimate for
each of the L received samples

fk ,i,j,f(6, s) =ai,j,f(6, S)Yk (6, S) (6)
where Yk(6, s) = [Yk+,s Yk,s Yk+6-M,s]T (T denotes

transpose) and the estimator coefficients ai,j,f(6, s) are given
by (see for example [13])

ai,j,f(, s) = E[fk,YyH(', s)] (E[Yk Q(, s)Yk Q(, s)H])
(7)

where H denotes Hermitian transpose. For the special case of
flat-fading channels with constant amplitude signalling, this is
easily shown to be (see for example [9])

ai,j,f (6, s) = re (d, s) (R + NoI) -1 X'H(s) (8)

where XJ,j(s) Diag[xk,s, . . , -M,sl, and the
channel covariance terms are rf(6,s) = E[fk,fFHc'(60s)]
and R = E[Fk s)F with Fk (6,S) =
[fk+6,s ... fk,s... fk+6-M,Sl.
For BPSK n = kL + f and with Rayleigh fading according

to Jakes spectrum, we evaluate re (6, s) and R to be

re(Q, s) = [ r( - s -L) .r(-s -(+ M)L) ] (9)
'ro 'r-L r-ML

R= 'r-L:

'r_ML ... 'r_L 'rO

(10)

where r, = Jo(27fdTn), where Jo(.) is the zero-th order
Bessel function of the first kind [11].
The channel estimation mean square error is given by

2sk,i,j,(6, s) = e2%(6, s)

r (6,s) (R+ NoI) 1 r (6,s)H (11)
2(62(6,s) nonumber (12)

which is independent of i and j because of the constant
amplitude signalling, and independent of k since the fading
rate is assumed constant over the block. The variance used in
the calculation of the transition metric (3) is then 6k,i,j, =

+ 52( S).0f
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3: Symbols available (X) for channel estimation for systematic convolution code with memory M = 6 and two coded outputs (L = 2) per input (one coded

bit, one systematic bit), systematic bit position shown is s = 1.

Since the MMSE coefficients ai,j,f(6, s) and the estimation
error e%2 (6, s) depend only on the transition hypothesis and
channel statistics, these can be precalculated. From inspection
of (8) and (6), we note that it makes most sense to precal-
culate L sets of coefficients re (d, s) (R + NoI) 1 and their
corresponding estimation errors. The remodulation product
Xj§(s)Yk (d, s) is formed on a transition by transition basis
during APP processing.
The optimum choice for d minimises the estimation vari-

ance. This occurs for smoothing with even contribution from
from past and future samples, specifically d L(M -1)/2] or
F(M - 1)/2]. Figure 3 shows the effect of the choice of d on
the symbols available for channel estimation for a systematic
code with memory M = 6 and L = 2. Here the systematic bit
position is assumed to be s = 1. Note that the interaction of d
and s affects BER performance in as much as it changes the
relative positions of the symbols used for channel estimation.

IV. EXTENSIONS OF THIS WORK

In this section, we consider some natural extensions to the
new TGTS APP decoder as presented in this paper.

A. Other modulation schemes

In order to have transition-based training symbols available
for channel estimation, the hypothesis X1k-M+±,s,, ..*Xk4+6,s
must be completely determined by the transition hypothesis,
i.e. by bk. In order to meet the requirement for a greater num-
ber of bits per symbol for higher order modulation schemes,
the number of systematic bits in Ck may be increased, or the
systematic bit may be teamed with other known bits.
The MMSE channel estimators can also be formulated for

non-constant amplitude signalling (similar MMSE derivation
is given in [9]). In this case however, the number of sets of
coefficients must be increased to accommodate the interaction
of training symbols with different amplitudes. This will depend
on the particular transition, and so the maximum number of
sets of coefficients is given by 2M+1L.

B. Frequency-Selective Fading

The key to transition-based channel estimation for
frequency-selective channels is to expand the state-space of the
trellis [9]. Training symbols are then available for association
with the received samples for epochs k - 1, k- 2 etc.
(depending on the memory of the expansion). Expanding the
state-space of the trellis is expensive in terms of complexity,
and the number of training symbols made available is low (L
for each additional epoch with the double the number of states
in the trellis).

C. Non-Systematic Codes

Transition-based channel estimation may also be formulated
for non-systematic codes. As with frequency-selective fading,
the key is to expand the state-space of the trellis. However, in
this case the training symbols are generated from the convo-
lutionally encoded bits associated with the extra memory.

V. FLAT-FADING SIMULATION RESULTS

The TGTS APP decoder is applied here to a system with
systematic convolutional coding and BPSK transmission over
a flat-fading channel. The systematic encoder outputs L = 2
coded bits for every input bit, using generator polyomial gl =
[1111011] with code memory M = 6 (this is the example of
[10]). Here the delay d for the systematic bit is variable. In
all examples below, we selected the position of the systematic
bit to be s = 1.

First, we consider the additional variance from channel
estimation. Figure 4 shows the channel estimation variance
0o2(6, 1) against signal to noise ratio (SNR), Eb/No, for fading
rates fdT = 0.1 and fdT = 0.01 with d = 0,3,6 (s = 1).
The number of past trellis epochs used in the estimation is
denoted pf (forward prediction), the future ones Pb (backward
prediction), and p5 1 indicates that the current epoch was
also used (smoothing). For comparison, the mean square noise
No is also shown. This is an analytical result (not simulated).
The plot shows that the lowest additional variance for the cases
considered is contributed by the estimator for the system with
delay d = 3. Referring back to Figure 3, we would expect

7th Australian Communications Theory Workshop1-4244-0214-X/06/$20.00 (.)2006 IEEE 117

Authorized licensed use limited to: MACQUARIE UNIV. Downloaded on November 23, 2008 at 20:19 from IEEE Xplore.  Restrictions apply.



0.21

0.16
0

w
0.14

.

t 0.12

w 0.1

= 0.08
CZ
,_ 0.06

W 0.04

' 0.02

fdT=0.l Pf ps=1 pb=6
- - No

fdT= 0l Pf 6 ps=1
fdT=0.1 Pff Ps=1

_-u- fdT=0.01 pf=0 ps=

fdT=0.01 pf=6 ps=

I-- *fdT=0.01 Pf=3 ps=

12 14 16 18 20 22 24 26 28
Eb/No (dB)

=0

=3

=6.

=0

=3

10-2

1-r-4
10

30

4: Mean square channel estimation error and mean square noise for f = 0

the lowest contribution from d = 2 or d = 3 (in fact the
mean square channel estimation error is the same for these
two cases).

To confirm our claim that the optimum delay is given by
d L(M -1)/2j or (M -1)/2], we simulated the BER
for Eb/NO = 16 dB over the range of delays, 6. Three fading
rates are shown: fdT = 0.01, 0.05, 0.1. Several significant
features are of note. Firstly, the BER reduces with increased
fading rate, which is attributable to the greater coding gain for
higher fading rates. Secondly, the curves are not symmetrical
with respect to the delay 6. This is due to the interplay
between the channel estimation and the positioning of the
training symbol. For example, it can be seen in Figure 3 that
d = 0 and d = 6 are not symmetrical with respect to being
forward and backward estimators. This effect is also seen in
the mean square channel estimation errors plotted in Figure 4.
Finally, the minimum BER with respect to delay is achieved
for d 2 or d = 3. This is most easily seen for faster fading
(fdT 0.1) since the channel is varying more significantly
over the estimation interval and the BER is more sensitive to
improvements in channel estimation.

Figure 6 shows the BER and frame error rate (FER) per-

formance of the TGTS APP decoder. The number of bits per

frame was 500. Two fading rates fdT = 0.01 and fdT = 0.1
were simulated with d = 3. Most of the curves shown relate to
the slower fading rate fdT = 0.01 as other scenarios had error

rates too low for the time-limited simulation. Two estimators
are shown: E3 denotes the estimator with pf = 3, ps = 1, Pb =
3 which uses all of the available transition-based training; El
denotes the estimator with pf = 1,p5 = 1,Pb = 1 using
only a subset of the available training information. El has
the advantage of being lower complexity, but the cost is of
the order of 1-2 dB. Comparing with the per-survivor Viterbi
decoding in [10], the new APP decoder achieves a gain of
about 3dB at a BER of 10-3. The combination of improved
channel estimation and optimisation of delay d also delivers
a gain of around 1.5 dB over the state-based training symbol
Viterbi algorithm of [10].

1 2 3 4
delay of systematic bit, 6

5

5: Effect of delay 6 on BER performance of APP decoding with transition-
based systematic channel estimation
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6: Frame error rate (FER) and bit error rate (BER) versus Eb N, for fading
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1
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